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Today, we're using the sample mean inner product and sample mean squared error.
To keep notation simple, we're going to write this without any special subscripts.
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Keep in mind that for a gaussian vector g ~ N(0, I,x») and any function v,
1 n v 2
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We'll also write M as a shorthand for what we've called M — p* before.

Ms={m —p*:||m—p*|| < s}

< b, means a, < cb, for some constant c.
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And we’ll ignore some constant factors: a,
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What determines our error bounds

It's the gaussian width of neighborhoods of p* in our model.
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So what we need is a way to bound the gaussian width of these neighborhoods.



Finite Models

- In finite models, bounding width is easy.

- It's the maximum of gaussians with standard deviation < s/y/n.

llm — 2
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- We can bound this via union bound. It's down to counting the curves in the
model.

log(K . .
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allwith  [lm — p* ||y p,) < s.

- We may be overcounting. This bounds the max of K totally different gaussians.
- That's the case in which it's largest, so if there's correlation we're overcounting.
- And this definitely won't work for models with infinitely many curves.

- We'll need to take advantage of this correlation to tackle infinite models.



Counting Curves in Infinite Models

Gaussian width is the mean of the maximum of a set of gaussians.

w(M,)=E vrgja\i(% vy for g~ N(O, Inxn)-

And the difference between many of these gaussians (g, v) will be small.

- So small, sometimes, that we don't need to ‘pay probability’
to bound them all using the union bound. They needn’t contribute to K.

- We can just use the Cauchy-Schwarz inequality to bound differences.
[{g, u) — (g, V)| = g, u — V)| < lgllllw— vll = [lu—v]|.
If the curves w and v are close enough, by bounding (g, u), we bound (g, v) for free.

- This means we can take K above to be smaller than the total number of curves.

- It's enough that some set u; ... ug gets close enough to all curves v € M.

This means we have to talk about how many meaningfully different curves we have.



e-covers and snapping

We can quantify this using a set’s e-covering number K.
That's the number of balls of size € of radius ¢ it takes to cover the set.
That is, it's the size of the set’s smallest e-cover.

We call a set V¢ an e-cover for the set V if every curve
in the set V is within a distance € of some curve in V€.

We can think of this as the set of curves we get by snapping each curve in V
to one of finitely many curves—one that’s an approximation with error < e.

Ve ={me(v) : veV} where |lme(v) — o] <e

I'll call the function e that does this an e-snapping map.



If we've got an e-snapping map, we've got an e-cover.
Ve ={mc(v) : vEV} where |me(v)—v| <e

We can go the other way, too.
If we've got an e-cover, we can define an e-snapping map. How?



If we've got an e-snapping map, we've got an e-cover.
Ve ={mc(v) : vEV} where |me(v)—v| <e

We can go the other way, too.
If we've got an e-cover, we can define an e-snapping map. How?

We snap to the closest curve in our cover.

e (v) = argmin||ve — v||
Ve EVE

This means snapping maps and covers are more-or-less interchangeable.

Terminology.
I'll refer to the size of a snapping map as the size of the cover induced by it,
i.e., the number of different curves it outputs.



Snapping and Gaussian Width

If we have an e-snapping map of size K. for a set V, then we've got a bound on
its gaussian width. We use e-closeness together with with our bound for finite sets.

w(V) = E%‘g’j (g, v)

= Erglea;({(g, v—1e(v)) + (g, me(v)) }

log(Ke)
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When we're talking about a centered neighborhood V = M — p,
this second term is small because ||7(v)]| is small for every v € V.

Im(v)]| < |lv—7(v)]| + ||v]] < e+ s <2s by the triangle inequality

and therefore

log(Ke)
n

w(Ms —p) Se+2s

Gaussian width doesn’t change when we center, so
the same bound holds for the neighborhood itself. 8



Dissatisfying Implications

- We showed last class that log(K.) ~ 1/e for the Lipschitz model.

- If we choose the resolution e to minimize our bound, it's roughly ¥/s2/n.

log(K-e) s 2/3,-1/3

wW(Ms) Setsy ———- ~Ret—— = s Spm1/3,
(M) n Ven

atoptimal e~ s/

- This tells us that our estimator converges at a fourth-root rate.
£ >wM) i P22 Y3 eif san V4

- But we know it converges faster.
- The Lipschitz model is contained in the Sobolev model of order 1.

- And we proved the rate of convergence s ~ n~1/3 for that using Fourier series.

We can do better by looking at covering numbers at multiple resolutions.

w(M,) < % Os JIog (K. de

This is called Dudley’s Integral Bound. Today we'll prove it.



Dudley’s Integral Bound

wM,) % /0 " Iog(Ke)de

- It's based on an idea called chaining.
- The idea is to use approximations mo(m), 71 (m), ...
at increasing resolutions €g, €1, . . ..

- We write each function as a sum of differences
between finer and finer approximations.

m = mo(m) + Zﬂj+1(m) — mj(m)
§=0

- We call these differences links in a chain that goes

- from the coarsest approximation, 7o (m), which is the same for all functions.
- to the finest approximation, m = m (m) itself.

- Before we dig into this too much, let's warm up.



Warm-up



Our One-Link Bound

Think about the width bound implied by an e-snapping map =, for very small e.
< — e El
w(V) < Emax (g, v — m(v)) + Emax(g, 7(v))
< — Te )
< E||g] Jél%/’i”” me(v)|| + Etyea;(<g m(v))

log(K-)
n

< e+rad(V)

where  rad(V) = max||v||
veEV

- This is what we've been doing. But we have a sense that we're being wasteful.

- When our e-cover is fine, it'll contain vectors that are close to one another.

- The corresponding gaussians will be highly correlated, so our /log(K) bound on
their maximum will be loose. Our second term will be bigger than we want.

We could reduce K. by snapping to coarser approximations—taking e to be large.
But that makes our first term big.

We can do better by using two approximations—one coarse and one fine.
(9,7e(v)) = (g, me(v) — mer (v)) + (g, 7er (0))

where 7./ (v) is a snapping map that gives coarser approximations. One with coarser
resolution €’ > € and therefore smaller size K/ < K.. We bound the pieces as before.



A Two-Link Bound

w(V) § Emax (g, v —7(v)) + Emax (g, m(v) — 7' (v)) + Elglgg(ﬂ»ﬂ’(v) — 1)

log(K7)

n
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Q: Where do we get this second bound with log( K K./)?



A Two-Link Bound

w(V) § Emax (g, v —7(v)) + Emax (g, m(v) — 7' (v)) + Elgleag@,ﬂ’(v) — 1)

log(K7)
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Q: Where do we get this second bound with log( K K./)?

- There are KK, pairs of the K. values of = and the K., values of =’.

- We could probably find a better bound.

- Probably not many more than K. occur as 7(v) and =’ (v) for some point .
- But the difference between K. and K. K., doesn't matter here.



A Two-Link Bound

< o o / o
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Q: Why is the last approximation valid?
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Q: Why is the last approximation valid?
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- Triangle inequality.
Hﬂ'(v) — 71"(11)” = HTr(v) —v4v— Tl’/(’U)H
< lw(w) = ol + ||7' (v) — o|| < e+ € < 2€.
- Log of products is sum of logs.

log(KcK.) <log(Kc) + log(K.) < 2log(Ke).



Better Results

Let’s think about the Lipschitz model again.
log(Ke) ~ 1/e.

Old Bound

l K < . 2/3 /
w(Ms) Se+s log(Ke) ~ s2/3p~1/3  atoptimal e~ s2/3p1/3
=  £>wM,) for a3 e san /4

New Bound

log( K. log(K! ) I
w(Ms) Se +e'\/ og(Ke) + 3\/ os(Ke) st Tn73/7T  atoptimal e 4/ T 3/7
n n

= £ >wM,) for $9Txp737 je  sanT3/10

This isn't the s &~ n=1/3 bound we got using Fourier series, but it’s closer.
Let’s see what happens when we use a longer chain of approximations.



Better Results

Let’s think about the Lipschitz model again.
log(Ke) ~ 1/e.

Old Bound

log( K, . . 5/
w(Ms) Se+s log(Ke) ~ s2/3p~1/3  atoptimal e~ s2/3p1/3
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New Bound
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No magic here. We optimize as usual.

1. Set the derivative with respect to ¢’ to zero and solve for €’ in terms of e.
2. Set the derivative with respect to e to zero and solve for e.



Chaining




The ldea

Suppose we want to bound the gaussian width of a set V.

w(V) = Erglea\i((g, V).

- And we have, for each v € V, increasingly fine approximations mo(v) . .. wp(v).
- These are the closest vectors to v in e-covers for increasingly small g . . . €.
- Then we write each v € V as the sum over links in a chain from 7o (v) to maz(v).

- Plus a final link from the finest approximation, s (v), to v itself.

M
v=wv—my(v)+ Zﬂ']‘(’u) — mi—1(v).
j=1

- We can expand v this way when we write our gaussian width.
- And we can bound it by maximizing each term separately.

- Just like we did in our warm-up, but with more terms.



The Bound

w(V) = Emax(g, v).

veEV

v=wv—mp(v +ZW, ) — mj—1(v).

w(V) = [max{g v —mum(v)) +Z<9 mj(v) — mj-1(v ))}

j=1

< Er/l],ﬂg((g, v — 7y (v)) + Z:Eturleag<97 mj(v) — mj—1(v))

log K
<6M+26J W — )



Considerations

M
w(V) < Erglea@((g, v—mp(v)) + j:zl ETea§<g7 mi(v) — 7rj,1(v)>

1
<€M+Z€171 Og( )

- We want K to be small.
- That is, we want there to be few distinct values of each link 7;(v) — mj—1(v) for v € V.
+ The more values, the more gaussians (g, m;j(v) — mj—1(v))
we have to deal with in our union bound.
- We want e to be small.
- That is, we want all the links to be short in the sense that their variance
I7j(v) — mj—1]|?/nis small.
- The longer the links, the bigger the individual gaussians we need to bound.

We can't get both at any one resolution.

- The finer our resolution e;, the more vectors we need in our cover.
- To balance these considerations, we use a lot of short links and a few large ones.

- Since ¢j and 4 /log(Ke;_, ) are multiplied, this can make the product small.



Considerations

M
w(V) < Erglea@((g, v—mp(v)) + j:zl ETea§<g7 mi(v) — 7rj,1(v)>

1
<€M+Z€171 Og( )

- We want K to be small.
- That is, we want there to be few distinct values of each link 7;(v) — mj—1(v) for v € V.
+ The more values, the more gaussians (g, m;j(v) — mj—1(v))
we have to deal with in our union bound.
- We want e to be small.
- That is, we want all the links to be short in the sense that their variance
I7j(v) — mj—1]|?/nis small.
- The longer the links, the bigger the individual gaussians we need to bound.

A sensible choice: halve e each time. ¢; = 1/27.

i (v) = mj—1 (V)| < lmj(v) — vl + llv — w1 (V)|
<ejtej1 =1/20 4 2/29 =3/



Considerations

M
w(V) < Erglea@((g, v—mp(v)) + j:zl ETea§<g7 mi(v) — 7rj,1(v)>

1
<€M+Z€171 Og( )

- We want K to be small.
- That is, we want there to be few distinct values of each link 7;(v) — mj—1(v) for v € V.
+ The more values, the more gaussians (g, m;j(v) — mj—1(v))
we have to deal with in our union bound.
- We want e to be small.
- That is, we want all the links to be short in the sense that their variance
I7j(v) — mj—1]|?/nis small.
- The longer the links, the bigger the individual gaussians we need to bound.

Plugging these in yields a bound in terms of cover sizes K;

log (K1/2j)

n

3
w(V) S 27 M+Z
j= 1



Chaining all the way

log(Kl/zj)

<o~ M+22]

- If Vis small enough in the right sense, the terms of the sum get small quickly.
- And if terms get small quickly enough, the sum doesn’t really depend much on M.
- This happens if V has e-covers of size K. < 21/¢% for a < 2.

M M /o1y 204/2 1
— ) < —\2ai = o J <
; o ,/Iog<K1/2.7> > ; % 2 22 a1

This means we can drop the special term for our final link from 7 (v) — v.

- If it doesn’t matter how big M is, we can have this link be arbitrarily short.

- That is, we can use the limit of this bound as M — oo.


https://en.wikipedia.org/wiki/Geometric_series

Integral approximation

Often people approximate this sum by an integral

M 1/27
1 1 (a) 1 /
w(V) < Tn Z % 10g<K1/2J> = /27+1 log K1/2J

=il
M 127 2 1
< —Z/l 2\/log(K)de = —— Vog(K.)de

/2i+1 Vv J1am+r

(; V1og(Ke)de

(a) We're integrating a constant.

/2 1 1 1 1
2ce = = — — 2ce=— (1—=)2¢
1/2/+1 2i 27+l 27 2

(b) Smaller ¢, bigger e-cover.

Ke> Ky )9 for e<1/2.

(c) Bigger range, bigger integral — our integrand is non-negative.



Neighborhoods

1
w(V) < % : V/1og(Ke)de

- Ifall v € V are small, we don't have to integrate all the way to one.
- If we can cover V with one ball of radius s, we're integrating zero for ¢ > s.
- For example, for our centered neighborhood V = M or its boundary.




The Lipschitz Regression Case

log(Ke) S1/e for M ={f:prip(f) <1, If| <1}

Integrating, we can bound the width of a neighborhood

(M) " Viogde % /Ofdf—wwo—z\f

And solve for the radius s for a least squares estimator
£ >wM,) for s32xn 2 e smnTl/8

~

This agrees with what we see based on Fourier series.

20



Chaining and Gaussian Width in General

- This isn't just another bound — it's pretty tight.
- This bound — with K. the size of the smallest e-cover — can barely be improved.
- It's off by at most a factor of log(n). Proving it isn't so hard.

- See Vershynin [2018, Chapter 81.2] if you're interested.

JToal n)/ Viog(Ke)de Sw(V) S 7/ V1og(Ke)de

- In fact, if we're a bit more careful about how we choose 7 (v),
chaining gives us a bound that's off by no more than a constant factor.

- This fancier chaining is pretty straightforward conceptually.

- We just do the bound thinking of 73 (v) as an arbitrary function taking on
22" distinct values, then minimize the chaining bound over all the 7.

- It's easy to prove this is no worse than what we've talked about.

- But proving it’s tight up to constants is a feat. See Talagrand [2014].



Chaining and Fourier Series

Chaining is, in a sense, approximating our analysis using Fourier series.

- Using Fourier series, we were able to decompose the functions
in Sobolev models into combinations of orthogonal functions.
- There were infinitely many such functions, but only a few were allowed to be big.

{m=> mp;: > miN < B} = |mgslle, = m; < B/\/A;.
J J

The links in our chains play the role of the Fourier basis functions ¢;.

- These links, ¢j,o(z) = {m;j(v) — mj—1(v)}(z), are approximately orthogonal.
- for different resolutions j
- for the same resolution and different v — unless they're the same curve.

- ie. unless m;(v) = ¢;(v') and mj_1 (v) = mj—1(v'), SO ¢j,» = D)ot
- And as a result, the corresponding gaussians are approximately uncorrelated.
1 1 Z (u, v)
E(g, u) (g, v) = = Y wi;Egigi= — > vy = L.
n T n ) n

and therefore

Cov{(g7 mj(u) — ﬂj,l(u)>, (g, 7rj/(v) — ﬂj/,l(v»}

_ <7rj(”) = mj—1(v), 77_;"(”) - 7T7:—1(u)>.

n

22



- The point is to make sure that when we use the union bound,
we're not being wasteful and bounding more-or-less the same thing twice.

- Decomposing the curves in our model into sums of approximately orthogonal
functions helps us keep track of what we're bounding more accurately.

- It helps us not overcount when we're bounding gaussian width.

Let's look into how orthogonal our links are.

23



mi(v) for our Lipschitz cover

1. Draw an €, X € grid.
2. Snap v(z) to it at each z on the grid.
3. Piecewise-linear between grid points.

Use the small squares for 71, two for «;, and four for mj_1.

Check the inner product between links £;(v) = mj(v) — mj—1(v).
Do it both for different j and different curves.

24



A bigger grid

25



You can try it for more curves and more resolutions

- Do it by hand on the blank grid on the next slide.

- Or code it up in R so you can try more stuff.

26



A bigger grid



References

Michel Talagrand. Upper and lower bounds for stochastic processes, volume 60.
Springer, 2014.

Roman Vershynin. High-dimensional probability: An introduction with applications in
data science, volume 47. Cambridge university press, 2018.

28



	Review
	Warm-up
	Chaining
	References

